
AD 698 801 

FIXED POINTS OF ANALYTIC  FUNCTIONS 

Peter Henrici 

Stanford University 
Stanford,   California 

July  1969 

► 

OittribitM ...'to foster, serve 
and promote the nation's 

economic development 
and technological 

advancement.' 

U.S. DEPARTMENT OF COMMERCE/National Bureau of Standards 

This document has been approved lor public release aud sale. 

—i — 



I 
I *■< CS 137 

i    £ 
8 

\ 

I 
1 

^ FIXED POINTS OF ANALYTIC FUNCTIONS 

BY 

PETER HENRICI 

TECHNICAL REPORT NO. CS 137 

JULY 1969 

CLEAWlNt, HOUSE 

COMPUTER    SCIENCE    DEPARTMENT 

School of Humanities and Sciences 

STANFORD UNIVERSITY 



-in—m f .im-: n—r—r-^^—^- 

FIXED POINTS OF ANALYTIC FUNCTIONS* 

By 

Peter Henrici 

Reproduction in whole or in part is permitted 
for any purpose of the United States Government. 

This work was supported in part by the National Science Foundation 
and the Office of Naval Research. 

Eidgenössische Technische Hochschule,  Zürich,  Switzerland. 

-Uta 



Abstract 

A continuous mapping of a simply connected, closed, bounded set of the 

euclldean plane Into Itself Is known to have at least one fixed point. It Is 

shown that the usual condition for the fixed point to be unique, and for conver- 

gence of the Iteration sequence to the fixed point, can be relaxed if the 

mapping is defined by an analytic function of a complex variable. 
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We consider the problems of the existence and of the construction cf 

solutions of the equation 

(1) z = F(z)    , 

where the function    F    is analytic in some domain    S    of the complex plane. 

Such solutions are called fixed points of    F .    By standard results in real 

numerical analysis,   it follows immediately that    F    has at least one fixed 

point if    S    is bounded and simply connected,    F    is continuous on the 

closure    S'    of    S  ,    and    Fes') c S'   .    If the mapping defined by   F    is 

contracting, then there is a unique fixed point,   and the iteration sequence 

defined by 

0-J) zn+l = F^ZJ  ; n = 0, 1, iJ,   ...  , 

converges to the fixed point for every choice of z0 6 S' . If S is convex, 

a necessary and sufficient condition for the mapping to be contracting is 

that the derivative F' of F satisfies 

0) \F'{z)\  = k , z € S , 

where k < 1 . 

It is the purpose of this note to show that the hypothesis that F is 

contracting can be dispensed with due to the analyticity of F. The argument 

provides an opportunity to apply some basic facts of complex variable theory 

in a constructive setting. 

THEOREM. Let S denote the interior of a Jordan curve F , let F be 

analytJc in S and continuous on S U F , and let F(S U l) <= S . Then F 

has exactly one fixed point, and the iteration sequence defined by (J) con- 



verges to the fixed point for arbitrary z0 E S u I' • 

IF'\ 

Clearly, there are functions F satis~lng the hypothese s for which 

is arbitrarily large, e.g., F(z) 1 100 
=? z in 

£!22£• We first rove the Theorem in the case where S is t.he unit disk. 

Here the hypothesis implies 

(4) r : = ma.x \F(z)\ < 1 • 

\ z \~1 

The oint is a fi xed oint if a.nd onl y if it is a zero of z - F(z). To 

ove the exi n enc:e of a zero, we ai;Pl J' Rouch"e' s theorem {{1], P• 124) with 

,. l n t he role of the "big" function and F( z ) in the r ole of the "small" 

.~.·uncti n • he e"'sential hypothesis of Roucht!' s 'Che rem i s ··atisfied i n vie\~ 

.f' ) • It follo ts that z - F(z) has exactly E1s many zero.., inside \ z \ = 1 

::. , namel y one. 

Ll~ t denote t he w1ique fixed point. In order to prove the convergence 

of tht! · iter ation sequtnce, le t; 

t( :.: ) = z - " • 
1- z 3 

H.:::: i~ u inc· r tran fo:nnation which ma \zl < 1 onto i tself and ~ends s 
i t o 

.· L::.. , t. , 

:.J.t .. , 
) 

I e; 

nd 

: n 

e t l. . function has the fixea point 

< 
c· \z\ = ~ onto a clos d subset of \ z \ < 1, hence 

k : = sup \G(z)\ < l 

\ z \~1 

0 • It is 

at k > 0 , for otherwi se G , and consequently F , i s con-

Lakes place in cne tep. The function -1 k G vani shes 

ounded y 1, hence by th~ Lemma of Schwarz ( [l ] 1 • 11 ) ' 
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k 1G(Z)| - \Z\    and consequently, 

(5) lG(Z)| ^ k\z\ 

for all z such that Izl - 1 . Let w = t(a ) . Since 11 n        v r/ 

'Vl = t(Vl) = r(F(::n)) = t(F(t"1(w
n))) = ü(w

n)  i  ^ folios from (5) that 

IVll " k lWnl 

and < , n hence that |w | = k jw^j , implying that w -♦ 0 . Hence 

z = t"1(v; ) -♦ t'1(0) = s . 
n     n 

To prove the Theorem for an arbitrary Jordan domain S , we require a less 

elementary tool, the Osgood-Caratheodory theorem {[2],  p. 92-98) stating the 

existence of a function g that maps S conformally onto |z| < 1 and 

3 U 1 continuously and one-to-one onto jzj = 1 . The function 

J H=g0F0g"  is easily seen to satisfy the hypotheses of the Theorem for 

the unit disk. Furthermore; if the points z      are defined by (L
>) and 

1- 
w   = g(z  )   •  then w  ,,  = H(w  )  .    Thus the validity of the Theorem for the unit n     ov n'  ' n+1       v n' " 

disk implies the validity for a general    S. 

In line with the paedagogical nature of this note, we add  some problem?; 

i amplifying its content. 

1)    Show that k = ., fr u i + r 

2) In the case where S is the unit disk, show that 

|2n - si = (1 + r) kn , n = 0, 1, 2, ...  . 

5) Let F'Cs) = F"(s) = ... = F^"1^) = 0 , F(in)(s) ^ 0 

for some integer ra > 1 . If S is the unit dink, establish the following 

error astlmate showing superlinear convergence: 
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|zn - c' = (1 + r) k i (■ m i in + ..# + m' 
n-1 

, n « 1, 2 f      • 9 • t 

Research problem. Can similar results be established for systems of 

analytic equations? 
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